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Output Tracking of Uncertain Nonminimum Phase
Systems by Experience Replay
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Abstract—The precision output tracking problem of multi-
input–multi-output (MIMO) uncertain nonlinear nonminimum
phase systems is investigated in this paper. The challenge lies in
the difficulty in solving the ideal internal dynamics (IID), which
is a bounded solution for the uncertain zero dynamics. First,
the experience replay technique is applied to identify the uncer-
tain parameters in the zero dynamics. It uses the recorded past
data concurrently with current data which can greatly speed up
the identification convergence. With the identified parameters,
a novel approach called optimal bounded inversion is proposed
to obtain the IID by solving a trajectory optimization problem
using GPOPS-II. The boundedness of the IID is guaranteed by
setting state constraints and the feasibility is achieved by mini-
mizing the initial condition mismatch. Moreover, a piecewise IID
updating scheme is adopted to reduce the computational burden.
The benchmark nonminimum phase system, a vertical take-off
and landing (VTOL) aircraft is used to validate the effectiveness
of the proposed method.

Index Terms—Experience replay, nonminimum phase, optimal
bounded inversion, parameter identification, tracking control.

I. INTRODUCTION

OUTPUT tracking of nonminimum phase systems is
regarded as a challenging problem. Nonminimum phase

systems are systems with unstable zero dynamics [1]. The
stabilization of nonminimum phase systems can be achieved
by designing an appropriate feedback controller, such as
an output redefinition controller [2], a dynamic sliding
mode controller [3], or a sampled-data output feedback
controller [4]. However, the output tracking of nonminimum
phase systems is much more difficult, which relies on the care-
ful calculation of a feedforward signal that involves system
inversion. It is well known that the traditional inversion-based
tracking control method will result in an unbounded input
when applied to nonminimum phase systems.
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The key to achieving precision output tracking of non-
minimum phase systems is to calculate a bounded solution
of the zero dynamics, which is called the ideal internal
dynamics (IID) [5], and then stabilize the internal states to
the IID. Several methods have been proposed to obtain the
IID. The first is the output regulation method [6], [7], which
builds a regulation equation to calculate the state reference
and input reference that can be transformed into the IID. The
second is the stable system center method [8]–[10], where an
estimator whose solution converges to the IID is constructed.
However, both methods have the assumption of an exosys-
tem to generate the output reference, which puts restrictions
on the type of output references they can be applied to. The
third is the stable inversion method [11]–[13], which sets up
an important framework to calculate IID for arbitrary output
references. The idea is to divide the zero dynamics into a sta-
ble part and an unstable part, and then the IID is obtained by
integrating the stable part forward in time and the unstable part
backward in time. The computing process of stable inversion
involves a Picard-like iteration [11], [12]. Several alternatives
are also available for the computation of stable inversion, such
as the finite-difference method [14], the two-sided Laplace
transformation method [15], and the method by solving a two-
point boundary value problem [16], [17]. Implementation of
stable inversion requires all the future information of the out-
put reference. Preview-based stable inversion [18], [19] adopts
a receding finite-time interval for the integration, making it
possible to calculate the IID online. However, all the afore-
mentioned methods can only be used when the zero dynamics
are exactly known, that is, no system uncertainties. It is
shown in [20] that when there are unknown disturbances in
the zero dynamics, the best one can get is to keep the output
tracking error within a certain bound. As for nonminimum
phase systems with uncertain parameters, the output track-
ing problem has been studied in [21] and [22]. However, they
focus on designing a robust feedback controller rather than
solving the IID for the uncertain zero dynamics, which may
sacrifice the tracking accuracy.

To sum up, IID is the key for precision output tracking
of nonminimum phase systems. Several methods are avail-
able to calculate the IID but none of them can be used for
uncertain zero dynamics. In this paper, we will focus on the
IID calculation for nonminimum phase systems with uncer-
tain parameters. This problem is quite challenging. On the
one hand, it requires the identification of the true values of
the uncertain parameters which will be used to predict the
future information of the zero dynamics to get the IID. On
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the other hand, the IID solver should be fast enough to work
in real time with the identified parameters.

Motivated by [23] and [24], the recent developed experi-
ence replay technique is adopted to identify the uncertain
parameters in the zero dynamics. Unlike the existing param-
eter identification algorithms, the recorded past data are
used concurrently with current data for identification of the
system parameters. By using this technique, the richness
of the recorded data can guarantee convergence to the true
values of the uncertain parameters. To achieve high-speed
IID calculation, a novel method called optimal bounded
inversion is proposed. It solves the IID from a trajectory
optimization problem by using the powerful MATLAB soft-
ware GPOPS-II [25]. In addition, a piecewise IID updating
scheme is adopted to reduce the computational burden.

The main contributions of this paper are twofold. First,
optimal bounded inversion is proposed for the IID calcula-
tion problem. It provides a new way to calculate the IID from
the perspective of trajectory optimization and guarantees high
efficiency as well as high accuracy. Second, the IID calcula-
tion for uncertain zero dynamics is solved for the first time by
using the experience replay technique along with the proposed
optimal bounded inversion method, which are very important
for achieving precision output tracking for multi-input–multi-
output (MIMO) nonlinear nonminimum phase systems with
uncertain parameters.

The remainder of this paper is organized as follows.
Section II gives the problem formulation. In Section III, the
main results are presented. The application of the proposed
method to a vertical take-off and landing (VTOL) aircraft is
provided in Section IV. Then, simulation results are given
in Section V. Finally, the conclusions are summarized in
Section VI.

II. PROBLEM FORMULATION

Consider an MIMO nonlinear nonminimum phase system

y(r) = F1(x)+ G1(x)u (External Dynamics) (1)

η̇ = F2(x)+ G2(x)u (Internal Dynamics) (2)

where y = [y1, y2, . . . , ym]T is the output vector with relative
degree {r1, r2, . . . , rm}, and u = [u1, u2, . . . , um]T is the input
vector. y(r) is defined by y(r) = [y(r1)

1 , y(r2)
2 , . . . , y(rm)

m ]T . η is
the internal state vector and x = [ξ , η]T is the state vector
with ξ = [y1, ẏ1, . . . , y(r1−1)

1 , . . . , ym, ẏm, . . . , y(rm−1)
m ]T being

the external state vector.
When the outputs move along the given references yr =

[y1r, y2r, . . . , ymr]T , the external dynamics (1) turn into

y(r)r = F1
(
ξ r, η

) + G1
(
ξ r, η

)
u (3)

where ξ r = [y1r, ẏ1r, . . . , y(r1−1)
1r , . . . , ymr, ẏmr, . . . , y(rm−1)

mr ]T

and y(r)r = [y(r1)
1r , y(r2)

2r , . . . , y(rm)
mr ]T . Then u is solved as

u = G1
(
ξ r, η

)−1
(

y(r)r − F1
(
ξ r, η

))
. (4)

Substituting (4) into the internal dynamics (2) gives the zero
dynamics

η̇ = F2
(
ξ r, η

) + G2
(
ξ r, η

)
G1

(
ξ r, η

)−1
(

y(r)r − F1
(
ξ r, η

))
.

(5)

For nonminimum phase systems, the zero dynamics (5)
are unstable. To guarantee output tracking as well as internal
dynamics stabilization, it is required to find a bounded solu-
tion ηr (i.e., the IID) for the zero dynamics corresponding to
the output reference and then stabilize the zero dynamics to
the IID. A most widely used tracking controller is

u = ur + K(x − xr) (6)

where

xr =
[

ξ r
ηr

]
, ur = G1

(
ξ r, ηr

)−1
(

y(r)r − F1
(
ξ r, ηr

))
. (7)

In this controller, ur is the input reference which is used as
a feedforward and K(x − xr) is a feedback with K being the
feedback gain and xr being the state reference. This control
structure is quite regular in output regulation [6] and stable
inversion [11]. Though this is a linear control law, it makes
the system locally exponentially stable along the state tra-
jectory. The precision output tracking ability depends on the
exact solution of the feedforward signal and the state reference,
which is the key for precision output tracking.

If the model is exactly known, then the zero dynamics are
deterministic and the IID can be calculated by using stable
inversion [11]. However, a more difficult case is considered
in this paper with some uncertain parameters in the model,
which leads to uncertain zero dynamics. We assume that the
true values of some parameters are unknown in the model.
What we know is that they are constants (of course bounded),
and we may also know their nominal values. For example, the
nominal values of the aerodynamic parameters for an aircraft
are usually known, where their true values may deviate from
the nominal values to a certain degree.

To state the problem, it is assumed that the system matrices
F1(x), G1(x), F2(x), and G2(x) in (1) and (2) contain some
uncertain parameters. For clarity and without loss of generality,
take any one row from the dynamics (1) and (2), which can
be expressed as

ẋi = fi(x)+ gi(x)u (8)

where ẋi represent any variable in y(r) or η̇. Consider some
linearly parameterized uncertainties (which are widely stud-
ied in adaptive control [26]–[28]) in fi(x) and gi(x), and
rewrite (8) as

ẋi = ϑT
i �i(x,u)+ ψi(x,u) (9)

where ψi(x,u) is the certain part, and ϑT
i �i(x,u) is the uncer-

tain part with ϑ i ∈ R
ni being the constant uncertain parameter

vector and �i(x,u) being some known functions of system
state and input.

The uncertainties in the model will be reflected in the zero
dynamics (5). For convenience, we denote

φ(η, t,ϑ) = F2
(
ξ r, η

) + G2
(
ξ r, η

)
G1

(
ξ r, η

)−1

×
(

y(r)r − F1
(
ξ r, η

))
(10)

where ϑ represents the uncertain parameters in the zero
dynamics. Then the zero dynamics (5) can be rewritten as

η̇ = φ(η, t,ϑ). (11)
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Fig. 1. Output tracking architecture for uncertain nonminimum phase
systems.

Assumption 1: For each value of ϑ , φ(η, t,ϑ) is continuous
in t and η, and Lipschitz continuous in η.

Then the research objective is formulated as follows.
Research Objective: For the uncertain nonminimum phase

system described by (1) and (2), in which each row may exist
some uncertainties in the form described by (9), the aim of this
paper is to solve the IID for the uncertain zero dynamics (11)
and incorporate it into the tracking controller (6) to achieve
precision output tracking for the output reference yr.

Remark 1: This paper focuses on the IID calculation for
nonminimum phase systems with uncertain parameters, which
is the key for precision output tracking. It is not our goal to
present any new stabilization method. So we have adopted the
standard tracking controller (6), which can guarantee the sta-
bility of the closed-loop system in first-order approximation.
The feedback gain can be designed by using pole placement
or linear quadratic regulator (LQR) technique. Other tech-
niques for stabilization can be found in [2]–[4] (for uncertain
nonminimum phase systems see [29], [30]).

III. MAIN RESULTS

In this section, the main results are given to solve the
problem presented in the previous section. First, parameter
identification is derived by using the experience replay tech-
nique. Then, IID calculation is solved by using the proposed
optimal bounded inversion method with the identified parame-
ters. In the end, a piecewise IID updating scheme is introduced
to reduce the computational burden.

The overall control architecture is given in Fig. 1.
In this control architecture, the system running data are

stored in a data stack which provides information for the
identifier to estimate the uncertain parameters. The identi-
fied parameters are applied to estimate the uncertain zero
dynamics. Then the IID ηr is calculated online by applying
optimal bounded inversion to the estimated zero dynamics. The
state reference and input references xr,ur are obtained using
the transformation (7) and are embedded into the tracking
controller (6) to achieve precision output tracking.

A. Parameter Identification by Experience Replay

Consider the uncertain system (9), the parameter identifi-
cation task is to give an estimate for the uncertain param-
eter ϑ i and make the estimate converge to the true value
asymptotically.

Lemma 1: The state of system (9) can be expressed as xi =
ϑT

i hi + li with hi and li being the outputs of the following

filtered regressor:

ḣi = −ahi + �i

l̇i = −ali + axi + ψi (12)

where a > 0 is a parameter to be designed.
Proof: Taking the derivative of xi = ϑT

i hi + li along (12)

ẋi = ϑT
i ḣ + l̇i

= ϑT
i (−ahi + �i)− ali + axi + ψi

= −a
(
ϑT

i hi + li − xi
) + (

ϑT
i �i + ψi

)

= ϑT
i �i + ψi. (13)

It can be seen that (13) coincides with the expression (9).
Therefore, the expression xi = ϑT

i hi + li is equivalent to the
original expression (9). This completes the proof.

Denote the estimate for ϑ i as ϑ̂ i, and the estimation error
ϑ̃ i = ϑ i − ϑ̂ i. Then the estimate for xi is x̂i = ϑ̂

T
i hi + li, and

the estimation error is x̃i = xi − x̂i.
The idea of experience replay is to use the recorded past

data concurrently with current data to identify the uncertain
parameters. Let

Zhi = [hi(t1),hi(t2), . . . ,hi(tN)] (14)

be the recorded data collected and stored in the data stack at
the time instants t1, t2, . . . , tN , where t1 is the current time,
t2 ∼ tN are past times. The number of stored samples N in
the data stack is fixed. The stored samples are collected and
updated based on a data collection criterion (see later).

Define

x̃i
(
t, tj

) = xi
(
tj
) −

[
ϑ̂

T
i (t)hi

(
tj
) + li

(
tj
)]
. (15)

Then the experience-replay-based updating law for the identi-
fier is given by

˙̂
ϑ i(t) = γi

N∑

j=1

hi
(
tj
)
x̃i

(
t, tj

)
(16)

where γi is a positive learning rate.
Condition 1: The recorded data Zhi has as many linearly

independent elements as the dimension of the vector signal
hi, that is, rank(Zhi) = dim(hi) = ni.

Theorem 1: Given system (9) with uncertain parameters ϑ i,
by using the identification law (16), the parameter estimation
error ϑ̃ i = ϑ i − ϑ̂ i converges to zero exponentially if the
recorded data (14) satisfy Condition 1.

Proof: Substituting xi = ϑT
i hi + li into (15) gives

x̃i
(
t, tj

) = ϑT
i hi

(
tj
) + li

(
tj
) −

[
ϑ̂

T
i (t)hi

(
tj
) + li

(
tj
)]

= ϑ̃
T
i (t)hi

(
tj
)
. (17)

Since ϑ̃ i(t) = ϑ i − ϑ̂ i(t) and ϑ i is a constant, it follows that:

˙̃
ϑ i(t) = − ˙̂

ϑ i(t) = −γi

N∑

j=1

hi
(
tj
)
x̃i

(
t, tj

)
. (18)

Substituting (17) into (18) gives

˙̃
ϑ i = −γi

N∑

j=1

hi
(
tj
)
ϑ̃

T
i (t)hi

(
tj
)
. (19)
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Fig. 2. Schematic of data collection.

Select the candidate Lyapunov function

Vi = 1

2γi
ϑ̃

T
i (t)ϑ̃ i(t). (20)

Taking the derivative of Vi along (19) gives

V̇i = 1

2γi

[ ˙̃
ϑT

i (t)ϑ̃ i(t)+ ϑ̃
T
i (t)

˙̃
ϑ i(t)

]

= −1

2

⎧
⎨

⎩

⎡

⎣
N∑

j=1

hi
(
tj
)
ϑ̃

T
i (t)hi

(
tj
)
⎤

⎦

T

ϑ̃ i(t)

+ ϑ̃
T
i (t)

N∑

j=1

hi
(
tj
)
ϑ̃

T
i (t)hi

(
tj
)
⎫
⎬

⎭

= −1

2

⎡

⎣
N∑

j=1

hT
i

(
tj
)
ϑ̃ i(t)hT

i

(
tj
)
ϑ̃ i(t)

+ ϑ̃
T
i (t)

N∑

j=1

hi
(
tj
)
ϑ̃

T
i (t)hi

(
tj
)
⎤

⎦

= −ϑ̃
T
i (t)

⎡

⎣
N∑

j=1

hi
(
tj
)
hT

i

(
tj
)
⎤

⎦ϑ̃ i(t)

= −ϑ̃
T
i (t)

(
Zhi Z

T
hi

)
ϑ̃ i(t). (21)

Therefore, if Condition 1 is satisfied, then Zhi Z
T
hi
> 0 holds

and we have V̇i < 0. This indicates that ϑ̃ i(t) converges to
zero exponentially and completes the proof.

Remark 2: Condition 1 is less restrictive compared to the
persistence of excitation (PE) condition [31] required in tra-
ditional identification law which only uses instantaneous data.
By using the recorded data, it is possible to meet Condition 1
when the system states are exciting for a finite period. It is also
possible to meet Condition 1 by recording data over a longer
period without requiring special excitation.

To avoid collecting repeated data, the following criterion is
proposed to manage the data collection.

Data Collection Criterion: Collect data at time t if the val-
ues of hi(t) are sufficiently different from any data point stored
in the data stack, that is, mink∈{2,3,...,N} ‖hi(t)− Zhi(k)‖ ≥ δth,
where Zhi(k) denotes the kth column in the data stack (i.e.,
the kth data point) and δth > 0 is the data collection threshold.

The data collection process is shown in Fig. 2. The number
of stored data points in the data stack is fixed to N. Initial
data in the stack are all set to zero. The first data point Zhi(1)
always keeps updating to the current data hi(t). By “collecting
data” we mean shifting the data points in the data stack by
one position with the oldest data point Zhi(N) being removed.

B. IID Calculation by Optimal Bounded Inversion

Consider the uncertain zero dynamics (11), since φ(η, t,ϑ)
depends on the uncertain parameters ϑ , by using the estimate
ϑ̂ to replace ϑ , it gives the estimate φ(η, t, ϑ̂), then the zero
dynamics are estimated by

η̇ = φ
(
η, t, ϑ̂

)
. (22)

This will be used for the IID calculation.
Denote the true IID [bounded solution for (11)] as ηr(t,ϑ)

and the calculated IID [bounded solution for (22)] as ηr(t, ϑ̂).
Based on Assumption 1, and according to the ODE solu-
tion’s continuous dependence on parameters [32], it follows
that lim‖ϑ−ϑ̂‖→0 ‖ηr(t,ϑ)− ηr(t, ϑ̂)‖ = 0. Since ϑ̂ will con-
verge to ϑ , the calculated IID will also converge to the true
IID asymptotically.

Now consider the IID calculation for (22). The task is to
find a bounded solution ηr as the reference trajectories for the
internal states. A typical method to calculate the IID is the
stable inversion method [11], which linearizes the zero dynam-
ics and divides it into a stable part and an unstable part, and
then integrate the stable part forward in time and the unstable
part backward in time with a Picard-like iteration. However,
stable inversion involves some technical details which are
hard to understand and put barriers for its implementation
and programming. Since the core of IID is to find a state
trajectory, it naturally reminds us of associating it with a tra-
jectory optimization problem. First, the zero dynamics (22)
can be treated as dynamic constraints. Second, to guarantee
the boundedness, we can set constraints on the internal states.
Third, to reduce the initial condition mismatch [12], we can
take minimal initial condition mismatch as the optimization
goal. In this way, the IID calculation problem is transformed
into a standard trajectory optimization problem, which can be
solved by the existing optimization software. Therefore, the
only thing we need to do is to describe the problem in a stan-
dard form, while the technical details are segregated. Formally,
we define the optimal bounded inversion problem as follows.

Optimal Bounded Inversion Problem: Determine the trajec-
tory ηr(t) in the time interval t ∈ [tc, tc + Tp] that minimizes
the cost function

J = ∥
∥η(tc)− ηr(tc)

∥
∥ (23)

subject to the dynamic constraints

η̇r = φ
(
ηr, t, ϑ̂

)
(24)

and the state constraints

ηmin ≤ ηr ≤ ηmax (25)

where [ηmin, ηmax] are the desired boundaries for the internal
states. tc is the IID updating instant, and Tp is the preview time.
η(tc) is the actual value of the internal state at the beginning
of the current time interval while ηr(tc) is the desired value.
It is obvious that the boundedness of the IID is guaranteed by
the state constraints (25). And the cost function (23) aims to
minimize the initial condition mismatch of the internal states,
thus it can reduce the initial tracking error as much as possible.
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Fig. 3. Piecewise IID updating scheme.

Remark 3: The complexity of the proposed trajectory
optimization problem is relatively low. First, it is a single-
phase trajectory optimization problem with simple state con-
straints. Second, the optimization problem is designed for the
zero dynamics rather than the full model of the plant. So the
order of the dynamic equations in the optimization problem is
greatly reduced, which also reduces the complexity.

The trajectory optimization problem defined above can
be easily solved by using GPOPS-II [25], which is a gen-
eral purpose software for solving optimal control problems
using variable-order adaptive orthogonal collocation methods
together with sparse nonlinear programming. Compared to the
stable inversion method, the proposed optimal bounded inver-
sion method can minimize the initial condition mismatch so
that the initial tracking error can be reduced. In addition,
optimal bounded inversion takes advantage of the powerful
optimization tool GPOPS-II, making it easy to implement and
has high efficiency as well as high accuracy.

C. Piecewise IID Updating Scheme

Due to the model uncertainties, the IID needs to be updated
repeatedly with the current identified parameters. However,
there is no need to update the IID at each time step. Instead,
it can be updated at a fixed frequency to reduce the computa-
tional burden. To this end, a piecewise IID updating scheme
is proposed as shown in Fig. 3.

The IID is updated at the time instants tc = 0,Tu, 2Tu, . . .,
where Tu is the updating period. At each updating instant tc,
the IID ηr is calculated by optimal bounded inversion with the
preview information of the desired output in t ∈ [tc, tc + Tp],
where Tp is the preview time which is bigger than the updat-
ing period Tu. Only the IID in the early period t ∈ [tc, tc +Tu]
is used in the controller, and then at time tc + Tu the IID
is updated for the next time interval. This is the piecewise
IID updating scheme. It can significantly reduce the computa-
tional burden and allows our method to be applied in real-time
applications.

Remark 4: For the updating period Tu, it should be small
so that the calculated IID is based on the recent identified
parameters. But if it is too small, the IID will update very
frequently which will occupy a large amount of computing
resources. Specifically, we fix Tu = 1 s in the simulation.
As for the preview time Tp, it should be much bigger than
Tu (we select Tp = 10 s in the simulation). This is moti-
vated by the fact that the preview information of the future
desired output is important to calculate the current IID due

Fig. 4. Planar VTOL aircraft.

to the noncausality of nonminimum phase systems [11], [12].
Another fact is that the effect of the far-future desired output
on the current IID is small. Therefore, by adopting the pre-
view information of the desired output in a finite-time window
[tc, tc +Tp] to compute the IID in [tc, tc +Tu], it is sufficient to
guarantee the accuracy of the IID with a sufficiently large Tp.
Please see [18] for more detail about the impact of the preview
time.

IV. APPLICATION TO VTOL AIRCRAFT

In this section, the proposed method is applied to a bench-
mark nonminimum phase system, a planar VTOL aircraft as
shown in Fig. 4.

A. VTOL Aircraft Model

Following [18], the dynamic equations of a VTOL air-
craft are

ẍ = −u1 sin θ + εu2 cos θ

z̈ = u1 cos θ + εu2 sin θ − g

θ̈ = λu2 (26)

where x and z are the horizontal and vertical positions of
the aircraft mass center, respectively, θ is the roll angle, and
g = 1 is the normalized gravitational acceleration. The inputs
u1 = T/m and u2 = 2F cosα/m (T be the thrust, m be the
mass, F be the RCS force, and α be the cathedral angle) repre-
sent the normalized thrust and the normalized rolling moment,
respectively. Considering that the parameters ε and λ and the
parameters contained in u1 and u2 may deviate from their
nominal values, the model with uncertain parameters can be
written as

ẍ = −ϑ1u1 sin θ + ϑ2u2 cos θ

z̈ = ϑ3u1 cos θ + ϑ4u2 sin θ − 1

θ̈ = ϑ5u2 (27)

where ϑ1–ϑ5 are the uncertain parameters. Their nominal val-
ues are taken as 1, which may deviate from their true values.
The system outputs are x and z and the control objective is to
let them track the references xr and zr.

B. Parameter Identification

Define ẋ = vx, ż = vz, and θ̇ = vθ , then the uncer-
tain VTOL aircraft model (27) can be written in the form
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of (9) as

v̇x = ϑT
x �x

v̇z = ϑT
z �z + ψz

v̇θ = ϑT
θ�θ (28)

where ϑx = [ϑ1, ϑ2]T , ϑ z = [ϑ3, ϑ4]T , ϑθ = ϑ5, and

�x = [−u1 sin θ, u2 cos θ ]T

�z = [u1 cos θ, u2 sin θ ]T , ψz = −1

�θ = u2. (29)

According to Lemma 1, the states vx, vz, and vθ can be
represented by

vx = ϑT
x hx + lx, vz = ϑT

z hz + lz, vθ = ϑT
θ hθ + lθ (30)

with the following filtered regressor:
⎧
⎨

⎩

ḣx = −ahx + �x, l̇x = −alx + avx

ḣz = −ahz + �z, l̇z = −alz + avz − 1
ḣθ = −ahθ + �θ , l̇θ = −alθ + avθ .

(31)

Then the updating law for the identifier is

˙̂
ϑx = γx

N∑

j=1

hx
(
tj
)
ṽx

(
t, tj

)

˙̂
ϑ z = γz

N∑

j=1

hz
(
tj
)
ṽz

(
t, tj

)

˙̂
ϑθ = γθ

N∑

j=1

hθ
(
tj
)
ṽθ

(
t, tj

)
(32)

where ṽx(t, tj), ṽz(t, tj), and ṽθ (t, tj) are defined as (15).

C. IID Calculation

For the uncertain VTOL aircraft model (27), the zero
dynamics are obtained as

θ̈ = ϑ5
ϑ1 sin θ + ϑ3ẍr cos θ + ϑ1z̈r sin θ

ϑ2ϑ3 cos2 θ + ϑ1ϑ4 sin2 θ
. (33)

Denote η1 = θ, η2 = θ̇ and replace the uncertain parameters
by their estimates, then the estimated zero dynamics are

[
η̇1
η̇2

]
=

[
η2

ϑ̂5
ϑ̂1 sin η1+ϑ̂3ẍr cos η1+ϑ̂1 z̈r sin η1

ϑ̂2ϑ̂3 cos2 η1+ϑ̂1ϑ̂4 sin2 η1

]

. (34)

This is used for IID calculation by using the proposed optimal
bounded inversion method. Then the state reference and input
reference xr,ur can be obtained from the IID, and the tracking
controller is given by (6) with x = [x, ẋ, z, ż, θ, θ̇ ]T .

V. SIMULATIONS

A. Simulation Results

To verify the effectiveness of the proposed method, the true
values of the uncertain parameters are assumed to be ϑ1 = 0.8,
ϑ2 = 1.2, ϑ3 = 1.2, ϑ4 = 0.8, and ϑ5 = 1.2, which differ
from their nominal value 1. The output references are given
as xr = sin t and zr = cos t.

TABLE I
CONTROLLER PARAMETERS

Fig. 5. Parameter estimation.

The initial conditions are

x = 0, hx = hz = hθ = 0, lx = lz = lθ = 0

ϑ̂x =
[
ϑ̂1, ϑ̂2

]T = [1, 1]T , ϑ̂ z =
[
ϑ̂3, ϑ̂4

]T = [1, 1]T

ϑ̂θ = ϑ̂5 = 1.

The controller parameters are given in Table I.
The simulation results are shown in Figs. 5 and 6. From

Fig. 5, it can be observed that all the identified parameters
converge to their true values quickly, which verifies that the
experience replay technique can achieve an excellent identi-
fication for the uncertain parameters. From Fig. 6, it can be
observed that both outputs x and z converge to their references
quickly. After 15 s, the parameter estimations nearly approach
their true values and the outputs almost coincide with the ref-
erences. In addition, the internal state θ also converges to the
IID quickly which indicates the internal dynamics are well
stabilized.

For further investigation on the performance of the proposed
method, a comparison is made between the proposed method
and traditional stable inversion [11] method without parame-
ter identification. Three cases are considered, where the IID
are calculated by different methods and are incorporated into
the same controller (6). Case 1 uses the proposed method to
obtain the IID, case 2 uses stable inversion with the nomi-
nal parameters, and case 3 uses stable inversion with the true
parameters. The tracking error ex = x − xr is shown in Fig. 7.
On the one hand, it can be seen that the tracking error in
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Fig. 6. Tracking curves of outputs and internal state.

Fig. 7. Tracking error for different methods. Case 1: Proposed method. Case
2: Stable inversion with nominal parameters. Case 3: Stable inversion with
true parameters.

case 2 does not converge, which indicates that traditional sta-
ble inversion will result in tracking error if the parameters are
deviated from their nominal values. On the other hand, the
tracking error in cases 1 and 3 can converge to nearly zero,
where case 1 converges faster. This verifies the effectiveness
of the proposed method. Since optimal bounded inversion can
minimize the initial condition mismatch of the internal states,
the transient tracking performance is improved.

B. Further Results

The experience replay technique plays an important role in
the proposed method. It is found that the recorded data number
N and the data collection threshold δth have great influence on
the identification and tracking performance. To evaluate their
impacts, some qualitative and quantitative analyses are made.

1) Impact of Recorded Data Number: To explore the
impact of the recorded data number, a comparison is made
with different recorded data number. The identification result
is shown in Fig. 8 and the tracking error is shown in Fig. 9.

It can be seen that the recorded data number is crucial for
identification and output tracking. The identification and track-
ing performance are better with more recorded data. When
the recorded data number N = 1, it means that only the
current data is used, thus the experience replay algorithm
degrades into traditional adaptive algorithm, where the iden-
tification and tracking performance are very bad. When the

Fig. 8. Identification result with different recorded data numbers.

Fig. 9. Tracking error with different recorded data numbers.

Fig. 10. Identification result with different data collection thresholds.

recorded data number is big enough (say 100 in this exam-
ple), the identification can hardly be improved, and it does
not limit the tracking performance any more. In real applica-
tions, a proper data collection number should be specified to
ensure a good performance and match the hardware’s storage
capacity as well.

2) Impact of Data Collection Threshold: To explore the
impact of the data collection threshold, a comparison is made
with different data collection threshold. The identification
result is shown in Fig. 10 and the tracking error is shown
in Fig. 11. It can be seen that the data collection thresh-
old has a significant effect on the identification and tracking
performance. On the one hand, when the data collection
threshold is big (say 0.1), the identification converges slowly,
and the transient tracking performance is not so good. On the
other hand, when the data collection threshold is too small
(say 0.001), the identification will not converge and there is
a steady-state tracking error. In real applications, a proper
data collection threshold should be specified to balance the
transient tracking performance and the steady-state tracking
error.

Based on the analyses above, the impacts of the two
data collection parameters are summarized in Table II.
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Fig. 11. Tracking error with different data collection thresholds.

TABLE II
IMPACTS OF DATA COLLECTION PARAMETERS

According to Table II, the two parameters should be cho-
sen properly. Generally speaking, the recorded data number
should be chosen big enough to guarantee small steady-state
tracking error. But too many recorded data will put higher
demands on the system storage and is not necessary either
since the recorded data number does not limit the tracking
performance after it exceeds a certain bound (about 100 in
this example). As for the data collection threshold, it should
be chosen not too small and not too large to balance the tran-
sient tracking performance and the steady-state tracking error
(0.02–0.05 seems proper in this example).

VI. CONCLUSION

This paper focuses on the IID calculation for the uncer-
tain zero dynamics, which is the key to achieving precision
output tracking for uncertain nonminimum phase systems.
The experience replay technique is applied to identify the
uncertain parameters, which makes use of the recorded data
and can achieve fast convergence to the true value. Then,
a new method called optimal bounded inversion is proposed
for the IID calculation by using the powerful optimization
tool GPOPS-II, which is easy to implement and has high effi-
ciency as well as high accuracy. And a piecewise IID updating
scheme is adopted to reduce the computational burden. The
proposed method is very effective for precision output tracking
of MIMO nonlinear nonminmum phase systems with uncer-
tain parameters as verified by the VTOL example. Future work
will focus on enhancing the robust stability of the controller.
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